Exploring Digitizations of Quantum Fields for Quantum Devices
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In this LOI we undertake to enumerate promising digitization schemes for quantum fields that
could allow near-term calculations on quantum devices. Further we discuss the outstanding questions
that must be resolved in evaluating their potential, providing potential benchmarking on the way to
practical quantum advantage in high energy physics.

I. INTRODUCTION

Large-scale quantum computing would be capable of solving problems of incredible interest for high energy physics [1].
Alas for the foreseeable future, hardware limitations will restrict the scope of problems approachable by quantum
devices. To take advantage of these devices, efficient digitizations of quantum field theories (QFT) must be developed.
By digitization, we mean the task of formulating, representing, and encoding QFT (choosing the basis) in ways
useful for computational calculations. The conventional digitization of nonperturbative field theory used on classical
computers — lattice field theory (LFT) — relies upon resources far beyond near-term quantum machines. In conventional
LFT, fermionic fields are integrated out, leaving a nonlocal action. A direct application of this procedure to quantum
computers would requiring high connectivity between qubits. For bosons, LFT represents the infinite-dimensional
local Hilbert space by floating-point numbers. This is prohibitively expensive in the so-called noisy, intermediate-scale
quantum (NISQ) era. Moreover, Hamiltonian formulations of QFT may prove useful alongside Lagrangian-based ones.
In summary, we anticipate novel digitizations for QFTs may be required for quantum computation.

In this LOI, we undertake to enumerate a list a proposals that show promise at allowing near-term calculations of
quantum theory on quantum devices. Further, we point out some outstanding questions that will need to be resolved
and provide potential metrics to compare the different prescriptions. The obstacles to digitizing fermions and bosons
(gauge or otherwise) are quite different.

For fermions, while their local Hilbert space is finite, enforcement of their anticommutation relations often require
nonlocal mappings onto qubits [2-4]. Despite this, in low dimensions some Hamiltonians can be rendered local,
although some observables may not. Another consideration is the doubling problem [5]. There are proposals which use
gauge symmetry to eliminate fermions [6, 7].

There are two main issues with digitizing gauge bosons. First, the infinite-dimensional local Hilbert space must be
truncated. Second, constraints from gauge redundancy must either be imposed or higher qubit counts are needed to
represent unphysical states. Differences between the digitizations are in how they address these issues. Like existing
methods in computational physics, we expect that no single method is perfect for all situations — thus our emphasis on
studying and benchmarking as many as possible in these early stages.

II. DIGITIZATION SCHEMES

Casimir dynamics: SU(2) gluon dynamics has been demonstrated for a toy geometry (string of plaquettes) on
quantum hardware by analytically solving Gauss’s law at vertices [8], leaving only Casimir eigenvalues as dynamical
variables. This approach lays somewhere between Kogut-Susskind LFT [9, 10] and LSH digitization (below).

Discrete Subgroups: Approximating continuous gauge groups by discrete subgroups reduces qubit costs [11-13].
This remnant gauge symmetry will simplify renormalization, in particular from gauge-violation. The relation to
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LFT also simplifies the theoretical analysis [14, 15] and developing algorithms [16]. While pointwise matchings to
continuous groups breakdown near the continuum, modified actions [13, 15] or other matchings [17] may mitigate this.

Dual variables: Many physically relevant and interesting models in LFT have compact degrees of freedom (DOF).
These are usually either discrete and closed, or continuous and periodic. This compactness means the Boltzmann
weight from the lattice action admits a discrete (but possibly infinite) character expansion in terms of the irreducible
representations of the symmetry group of the action. These irreducible representations are dual variables [18-20] in the
Pontryagin sense [21]. This expansion integrates out the original variables while the original symmetries of the model
are preserved. The new discrete DOF are conducive for encoding quantum states. Moreover, truncating the expansion
allows for a systematic approximation of the local Hilbert space and thus controls the accuracy of simulations [22-26].

Light-Front: Hamitonian QFT need not be formulated on fixed time-slices. Another formulation, within additional
kinematic symmetries quantizes on the light-cone xt =t 4+ 2 [27]. A digitization was proposed using Hamiltonian
derived on the light-cone [28] using a momentum basis truncated at a harmonic resolution.

Loop-String-Hadron (LSH): By coupling prepotentials [29-36] (Schwinger bosons) to fundamental fermions, one
can construct a Loop-String-Hadron formalism [37], which expresses non-Abelian [SU(2)] dynamics in terms of strictly
charge-conserving underlying operators. The ordinary non-Abelian Gauss law constraints are made automatic, though
auxiliary U(1) constraints are introduced and imposed. Quantum circuits have been constructed to detect unphysical
LSH basis states [38]. The LSH Hamiltonian is naturally expressed as a sum of one-sparse terms, which could benefit
time evolution subroutines. The framework is amenable to use on either analog or digital devices.

Quantum Link Models: Quantum link models [39, 40] and their generalization D-theory [41, 42] digitize U(N)
and SU(N) lattice field theories in the finite spin basis in extra dimensions while preserving gauge symmetry. This
makes them potentially well-suited for quantum simulation [43]. Presently, quantum circuits for simulating the real-time
evolution have been constructed for 1+1d and 2+1d U(1) gauge theories [44, 45].

Qubit Regularization: Qubit regularization of a QFT refers to a quantum lattice Hamiltonian with a quantum
critical point in a given universality class, such that the desired QFT emerges at long distances in the vicinity of
the critical point. For example, recently, it has been shown that the O(3) nonlinear sigma model admits a qubit
regularization with only two qubits per lattice [46, 47], and efficient algorithms for ground state preparation in this
model have been developed [48]. Qubit regularizations of gauge theories have also been achieved in the context of
quantum link models [39, 40] and D-theory [41, 42].

III. TOWARD QUANTITATIVE COMPARISONS

Listed are potential metrics which, as the schemes and hardware mature, can clarify the use cases for each of the
above digitization schemes.

Basic resources: NISQ-era limitations on quantum resources must be considered. Digitizations with fewer qubits
per DOF and shallow circuit depth are desired. Schemes that scale poorly for large DOF or are hardware-specific may
prove useful for NISQ algorithms and early studies. Longer-term, error-correction may place a relative premium on
efficient qubit use over other metrics. Initial results suggest the digitization-specific Hamiltonians vary greatly in their
locality, sparseness, and two-qubit gate cost. These differences warrant further study like Ref. [49].

Robustness to Errors: Quantum noise will affect encoding differently. Near-term calculations on quantum
hardware should elucidate these errors and could lead error-tolerant schemes. For example, errors can introduce gauge
violation. This issue can be mitigated on the fly [50-55], or by using digitizations with only physical states [37, 56-59].
Additonally, this leakage can itself be leveraged as a metric of the device performance. How noise affects other
symmetries needs further study.

Approach to Physical Point: Ultimately, the comparison that matters most is which digitizations produce results
in the limit where all truncations and approximations have been removed — the physical point. Today, these final
resources needed are largely unknown for all digitizations. Quantum calculations [60], analytical work [15, 61], and
classical simulations [12, 13] can help address this, although the classical methods (e.g. Hamiltonian diagonalization or
Monte Carlo) may be restricted due to exponential state-spaces or sign problems inherent to the schemes.

Benchmarks: An important comparison is through agreed-upon benchmarks. The earliest of these will be in 141d.
While insightful, caution should be exercised because one can take advantage of simplifying features of 14+1d theories
that do not persist in higher dimensions. For example, 2+1d QED offers another milestone, where renormalization
and dimensionality complicate things. State preparation is generally hard [16, 62-69] and its demonstration would be
another valuable type of test.
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